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UNION PROBLEM FOR HOLOMORPHICALLY CONVEX
SPACES
SAMUELE MONGODI1
1. Introduction
In this short note, we collect some results regarding the Remmert reduction of
holomorphically convex space and its application to a variation of the usual union
problem. Classically, the union problem asks the following question: is a complex
space, which is an increasing union of Stein subspaces X1 ⋐ X2 ⋐ · · · , a Stein
space itself?
Many partial results were obtained. Many results give positive answers, for
instance
• when X is contained in Cn ([1])
• when X is contained in an unramified Riemann domain over Cn ([6])
• when X is a reduced complex space and every pari (Xj , Xj+1) is Runge
([12])
• when X is a reduced complex space and H1(X,O) = 0 ([9, 11])
• when X ⊂ S, with S Stein, each Xj is open in S and dimH1(X,O) < +∞
([13])
• when X ⊂ S, with S a Stein manifold and each Xj is open in S ([3], where
actually more is proved).
We have also negative answers, as shown by the famous construction by Fornaess
in [4].
The variation we are interested in is the following: is a complex space, which
is an increasing union of holomorphically convex subspaces X1 ⋐ X2 ⋐ · · · , holo-
morphically convex itself? The results presented here are close analogues of (some
of) those listed above; our aim is only to collect such material for reference, as we
consider it well known.
2. Remmert reduction
Let (X,OX) be a complex analytic space (given as a locally ringed space); we
recall that a function f : X → Y is holomorphic if and only if the induced map
(f, f∗) : (X,OX) → (Y,OY ) is a morphism of locally ringed spaces, i.e. if there
is a morphism of sheaves of rings T : OY → f∗OX which makes f∗OX a module
over OY . In particular, if f∗OX and OY coincide as sheaves of rings, the map is
holomorphic.
In what follows, if we write an equality between sheaves, we always mean that
there exists an isomorphism in the correct category (usually the one of sheaves of
rings).
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Definition 2.1. Suppose thatX is holomorphically convex, then we call a Remmert
reduction of X a pair (φ, Y ) where Y is a Stein space and φ : X → Y is a proper
holomorphic map such that φ∗OX = OY (as sheaves).
We can construct, following Cartan [2], a Remmert reduction of X as follows:
we say that x, y ∈ X are equivalent if f(x) = f(y) for all f ∈ OX(X) and we call
this relation ∼, then, by a theorem of Cartan, Y = X/ ∼ is a complex analytic
space and, if we call φ : X → Y the quotient map, we have that
φ∗OX = OY
as sheaves, which implies that φ is a morphism of locally ringed spaces, hence, in
this case, a holomorphic map.
Proposition 2.2. Suppose Z is a complex analytic space and ψ : X → Z is
holomorphic and proper, then ψ∗OX = OZ if and only if ψ is surjective and has
connected fibers.
Proof. If ψ is proper, surjective and has connected fibers, then every function f ∈
OX(X) is constant on each fiber of ψ, which means that f can be pushed forward
to a holomorphic function on Z, hence ψ∗OX = OZ .
On the other hand, if ψ∗OX = OZ , consider the Stein factorization of ψ : X → Z,
by f : X →W and g : W → Z, where W is an analytic space, f, g are holomorphic
maps, f∗OX = OW and has connected fibers and g is finite. As ψ∗OX = OZ ,
ψ = g ◦ f and f∗OX = OW , then g∗OW = OZ . But g is a finite map, so g∗OW has
rank 1 over OZ if and only if g is an isomorphism. So, ψ is surjective and its fibers
are connected. 
Theorem 2.3. All the Remmert reductions of X are isomorphic
Proof. If (φ, Y ) is the Remmert reduction given by the Cartan construction and
(φ′, Y ′) is another, then we can construct a bijective map a : Y → Y ′. Indeed,
consider a point x ∈ X and the sets φ−1(φ(x)) = Ax and (φ′)−1(φ′(x)) = Bx; both
sets are compact (by properness) and connected (by Proposition 2.2); therefore,
every holomorphic function f ∈ OX(X) will be constant on Bx, hence Bx ⊆ Ax.
Take x1 ∈ X \Bx and consider y0 = φ′(x) and y1 = φ′(x1), which are two distinct
points in Y ′; as Y ′ is Stein, there exists g ∈ OY ′(Y ′) such that g(y0) 6= g(y1) and,
as φ′∗OX = OY ′ , there exists h ∈ OX such that h = g ◦ φ
′, so h(x) 6= h(x1), so
x1 6∈ Ax. Therefore Ax = Bx.
Hence, we can define a : Y → Y ′ bijective that sends y to y′ if φ−1(y) =
(φ′)−1(y′). Moreover, given U open in Y ′ and g ∈ OY ′(U), we can find f ∈
OX((φ′)−1(U)) such that φ′∗f = g; therefore φ∗f = h ∈ OY (φ((φ
′)−1(U))) and
φ((φ′)−1(U)) = a−1(U) and a∗g = h, by construction. So a∗OY = OY ′ , so a is
holomorphic. It is easy to swap Y and Y ′ and carry on the same argument on a−1
showing it is holomorphic as well.
We have constructed a map a : Y → Y ′ which is biholomorphic; to conclude it
is enough to show that, by construction φ′ = a ◦φ, so a is an isomorphism between
(φ, Y ) and (φ′, Y ′). 
Given X holomorphically convex and x ∈ X , define Sx as the union of all the
compact connected complex analytic subspaces of X that contain x.
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Lemma 2.4. If X ia holomorphically convex, Sx is compact for every x.
Proof. If Sx is non compact for some x ∈ X , then there is a sequence of points
xn ∈ Sx which escape every compact. Therefore, by holomorphic convexity, there
exists a function f ∈ OX(X) such that f(xn) = n.
On the other hand
Sx =
⋃
i∈I
Zi
where Zi is a compact connected analytic subspace of X and x ∈ Zi. Therefore,
f |Zi is constant and equal to f(x), so f is constant on Sx, a contradiction. Therefore
Sx is compact. 
Given x, x′ ∈ X , say that xRx′ if Sx ∩ Sx′ 6= ∅.
Lemma 2.5. R is a proper relation.
Proof. Take K ⋐ X and consider
K ′ =
⋃
x∈K
Sx .
As X is holomorphically convex, if every holomorphic function is bounded on K ′,
then K ′ is compact; so, consider f ∈ OX(X). Obviously, f is bounded on K and
f |Sx ≡ f(x), which implies that f |K′ is bounded. 
Proposition 2.6. Define pi : X → X/R and OX/R in the usual way, then the
global sections of OX/R separate points in X/R.
Proof. Take z1, z2 ∈ X/R and x1, x2 ∈ X such that pi(xj) = zj for j = 1, 2. If every
holomorphic function f ∈ OX(X) is such that f(x1) = f(x2), then φ(x1) = φ(x2),
where (φ, Y ) is the Remmert reduction of X , so x1 and x2 are contained in the
same fiber of φ, which is a compact connected analytic space, so Sx1 ∩ Sx2 6= ∅, so
x1Rx2, so pi(x1) = pi(x2), so z1 = z2.
So, if z1 6= z2, we can find f ∈ OX(X) such that f(x1) 6= f(x2). Now, pi∗f ∈
OX/R(X/R) separates z1 and z2. 
By Lemma 2.5 and Proposition 2.6, we can apply Cartan’s result on quotients
by analytic relations (see [2]) and obtain that (X/R,OX/R) is a complex analytic
space. Moreover, pi∗OX = OX/R by definition, so pi : X → X/R is a proper,
surjective, holomorphic map. Also, X/R is holomorphically convex, as X is, and
elements of OX/R(X/R) separate points, so X/R is Stein. Therefore, (pi,X/R) is
the Remmert reduction of X , so it is isomorphic to (φ, Y ).
Theorem 2.7 (Universal property of the Remmert reduction). If (pi, Y ) is the
Remmert reduction of X, S is a Stein space and f : X → S is a holomorphic map,
then there exists g : Y → S such that g ◦ pi = f .
Proof. There is a proper holomorphic embedding F : S → CN , so we consider the
map F ◦ f = (h1, . . . , hN) with hj ∈ O(X). Therefore, we have gj ∈ O(Y ) such
that hj = gj ◦ pi, for j = 1, . . . , N . Let G : F (S)→ S be the inverse of F on F (S),
then g = G ◦ (g1, . . . , gN ) is the required map. 
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3. Runge pairs
Let X1 ⊂ X2 ⊂ X3 ⊂ . . . ⊂ Xn ⊂ Xn+1 ⊂ . . . ⊂ X be a sequence of increasing
domains in a complex space X and suppose that Xj is relatively compact and
Runge in Xj+1 for every j, i.e. the restriction map r : OXj+1(Xj+1) → OXj (Xj)
has dense image, i.e. for every K ⋐ Xj and every f : Xj → C holomorphic, we can
find a sequence {fk}k∈N of holomorphic functions on Xj+1 such that
sup
x∈K
|fk(x)− f(x)| → 0 as k →∞ .
Lemma 3.1. Let X be a complex space and X ′ ⊂ X an open domain. Suppose that
X and X ′ are both holomorphically convex and that X ′ is Runge in X, let (pi′, Y ′)
and (pi, Y ) be the Remmert reductions of X ′ and X, then Y ′ embeds in Y as an
open domain.
Proof. Let j : X ′ → X be the inclusion and consider the map f : X ′ → Y given by
f = pi ◦ j. By the universal property of the Remmert reduction, as Y is Stein, we
can factor f as σ ◦ pi′, with σ : Y ′ → Y holomorphic.
Now, suppose that we have two points u, v ∈ Y ′ such that σ(u) = σ(v), then
we have two points z, w ∈ X ′ such that pi′(z) 6= pi′(w) but f(z) = f(w), therefore,
as j is injective, j(z) = a, j(w) = b, a, b ∈ X and a 6= b, with pi(a) = pi(b). As Y ′ is
Stein, there exists a function φ : Y ′ → C which separates u from v, hence ψ = φ◦pi′
is a holomorphic function on X ′ which has different values in z, w. By the Runge
property, we can find a holomorphic function h : X → C which approximates ψ as
well as we want on X ′, therefore, we can find such an h with different values in a,
b, but this contraddicts the fact that pi(a) = pi(b).
Therefore σ is injective. Moreover, let K be a compact subset of Y which
is contained in σ(Y ′); if σ−1(K) is not compact, we can find a sequence {yn} ⊂
σ−1(K) that escapes every compact of Y ′, so, as Y ′ is Stein, we have a holomorphic
function f : Y ′ → C such that |f(yn)| → +∞.
The set L = pi−1(K) is compact in X and is contained in j(X ′). By the Runge
property, we can approximate f◦pi′ onK with a function g ∈ OX(X), so |f◦pi
′−g| <
1 on L, so g is unbounded on L, hence L is not compact, which is a contradiction.
Hence σ−1(K) is compact in Y ′.
So σ is an embedding of Y ′ into Y . 
Theorem 3.2 (Oka-Weil for holomorphically convex spaces). Let S be a holomor-
phically convex space and K ⋐ S a O(S)-convex compact set, then every function
holomorphic in a neighborhood of K can be approximated uniformly on K by func-
tions in O(S).
Proof. Let pi : S → T be the Remmert reduction of S; it is easy to see that K
is O(S)-convex if and only if K = pi−1(pi(K)) and pi(K) is O(T )-convex. Given
U a neighborhood of K, we can find an open set V ⊂ U such that K ⋐ V and
pi−1(pi(V )) = V , so, given f ∈ OS(U), we can restrict it to V and notice that, by
the alternative description we gave of the Remmert reduction, f = g ◦ p for some
g ∈ OT (pi(V )).
Now, we can apply the usual Oka-Weil theorem to the compact set pi(K) in the
Stein space T , for the holomorphic function g; we obtain a sequence of functions
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gj ∈ O(T ) such that gj → g uniformly on K. Define fj = gj ◦ pi, then it is easy to
show that fj ∈ O(S) and fj → f uniformly on K. 
Theorem 3.3. If each Xj is holomorphically convex, then Y =
⋃
Xj is holomor-
phically convex.
Proof. Take a sequence {xk} ⊂ Y such that for every compact set L ⊂ Y , there are
infinitely many elements of the sequence outside L; it is not restrictive to suppose
that xj ∈ Xj \Xj−1, where X−1 = ∅. Let pij : Xj → Yj be the Remmert reduction,
by hypothesis and by Lemma 3.1, for every j, the points pij(x1), . . . , pij(xj) are all
different.
Now, for each j ≥ 1 select a compact Kj ⋐ Xj such that
(1) xk ∈ Kj for k ≤ j
(2) Kj is O(Xj)-convex
(3) Xj−1 ⊂ Kj.
Set f1 : X1 → C to be the constant function 1; suppose we have defined f1, . . . , fj,
then we apply Theorem 3.2 to obtain fj+1 : Xj+1 → C holomorphic such that
|fj+1(x) − fj(x)| < 2−j−1 for x ∈ Kj and |fj+1(xj+1) − (j + 1)| < 2−j−1 (as
Kj ⋐ Xj and xj+1 ∈ Xj+1 \Xj , the set Kj ∪ pi−1(pi(xj+1)) is O(Xj+1)-convex and
pi−1(pi(xj+1)) is one of its connected components).
Therefore, we have a sequence of holomorphic functions fj : Xj → C such that
k − 1 ≤ |fj(xk)| ≤ k + 1 k = 1, . . . , j
and, if j > k, then
‖fj+1 − fj‖Xk = sup
x∈Xk
|fj+1(x) − fj(x)| < 2
−j−1 .
Now, choose k > 0 integer and consider the sequence {fj|Xk}j>k; we have that
‖fj+h − fj‖Xk ≤
h∑
m=1
‖fj+m − fj+m−1‖Xk ≤
h∑
m=1
2−j−m ≤ 2−j
therefore the sequence converges uniformly on Xk. Then, we can define f = lim fj
as a holomorphic function f : Y → C.
Moreover, k−1 ≤ f(xk) ≤ k+1 for all k > 0, so Y is holomorphically convex. 
As an application, we have the following.
Theorem 3.4. Suppose M is a manifold, endowed with a plurisubharmonic ex-
haustion φ :M → R, and suppose there exists a sequence of real numbers cj → +∞
such that
Xj = {x ∈M : φ(x) ≤ cj}
has a smooth, strictly pseudoconvex boundary (i.e. φ is smooth and strictly plurisub-
harmonic in a neighborhood of bXj) for each j. Then M is a modification of a Stein
space along at most countably many points.
Proof. Each Xj is holomorphically convex and, actually, a modification of a Stein
space, by [5, Theorem 1].
Let us now consider the Remmert reduction pij : Xj → Yj . As we saw, Yj is
obtained as a quotient with respect to the relation R defined in the first section, so
pi−1j (y) is a compact complex subspace ofXj for every y ∈ Yj , therefore φ is constant
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on pi−1j (y) for every y ∈ Yj . We define ψj : Yj → R by setting ψj(y) = φ(pi
−1
j (y)).
This functions is clearly continuous; set
Sj = {y ∈ Yj : dimpi
−1
j (y) > 0} ,
then pij is a biholomorphism from Xj \ pi
−1
j (Sj) → Yj \ Sj . This implies that ψj
is plurisubharmonic on Yj \ Sj ; we know that Sj is a proper complex subspace of
Yj (because Xj is a modification of Yj) and that ψj is bounded near every point
of Sj , then by [7, Satz 3] ψj |Yj\Sj extends uniquely to a plurisubharmonic function
on Yj . Let us call such extension ψ˜j .
Let y ∈ Sj and let Sy = pi
−1
j (y). We know that φ and ψ˜j ◦ pij are both constant
on Sy; let j : ∆ → M be a complex disc intersecting Sy at a single regular point
p ∈ Sy, such that j(0) = p. The functions φ◦ j and ψ˜j ◦pij ◦ j are both subharmonic
on ∆ and coincide in ∆ \ {0}, but then
ψ˜j ◦ pij ◦ j(0) = lim sup
ζ→0
ψ˜j ◦ pij ◦ j(ζ) = lim sup
ζ→0
φ ◦ j(ζ) = ρj−1 ◦ j(0) .
So φ(p) = ψ˜j ◦ pij(p), therefore ψ˜j(y) = ψj(y), thus proving that ψj is (continous
and) plurisubharmonic on Yj .
Therefore, by [10, Corollary 1, Section 4], Yj−1 = {ψj < cj−1} is Runge in Yj .
This easily implies, by [8, Lemma 63.4], that Xj−1 is Runge in Xj . We are now
in position to use Theorem 3.3, in order to prove thatM is holomorphically convex.
Finally, let pi :M → Y be the Remmert reduction of M ; as there exists Ω ⊂M
such that φ is strictly plurisubharmonic on Ω, by the same reasoning from above,
pi|Ω : Ω→ pi(Ω) is biholomorphic. Therefore Y is an irreducible (asM is a connected
manifold) Stein space of the same dimension of M , then M is a modification of a
Stein space.
Moreover, let
S = {y ∈ Y : dimpi−1(y) > 0} .
Then S cannot intersect any bYj, for j > 0, because every Yj is strictly pseudocon-
vex; therefore the sets
Sj = S ∩ {y ∈ Y : cj−1 < φ(pi
−1(y)) < cj}
are connected components of S and Sj ⋐ Yj . As Yj is Stein, S
j consists a finite
number of points, soM is the modification of the Stein space Y along S, a collection
of at most countably many points. 
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